We present the first calculation of exclusive double J/ψ production in hadronic collisions. We analyse in detail the form of the Born-level gg → J/ψJ/ψ amplitudes within the non-relativistic quarkonium approximation and discuss the implications of this for the central exclusive production channel, within the 'Durham' perturbative model. In addition we show that this direct single parton scattering contribution is expected to be strongly dominant in the exclusive case. We present predictions for the LHC and show that the expected cross sections are in reasonable agreement with the LHCb Run-I measurement of exclusive double J/ψ production, with the measured invariant mass distribution described well by the theory. Motivated by this encouraging result we present predictions for observables that may be measured in LHC Run-II, and estimate the size of the expected cross sections in the ψ(2S) and χ c cases.
Introduction
Central exclusive production (CEP) is the process
where '+' signs are used to denote the presence of large rapidity gaps, separating the system X from intact outgoing protons. Such reactions represent an experimentally very clean signal and provide a promising way to investigate both QCD dynamics and new physics in hadronic collisions, see [1, 2] for recent reviews. From a theoretical point of view, these processes are interesting because they involve both soft, diffractive physics, as indicated by the exchange of vacuum quantum numbers between the colliding hadrons and the corresponding presence of large rapidity gaps, and hard physics via the production process of the central particle. Moreover, it is found that a dynamical selection rule operates, where J P C z = 0 ++ quantum number states (here J z is the projection of the object angular momentum on the beam axis) are expected to be dominantly produced; this simple fact leads to many interesting and non-trivial implications which are not seen in the inclusive case.
The inclusive production of charmonia pairs in hadronic collisions is a highly topical subject, see for example [3] [4] [5] [6] [7] for recent theoretical work. Such a process is of interest both as a test of the tools of heavy quarkonium theory, but also because the probability that two J/ψ mesons can be produced in independent scatters may be quite large at the LHC, due to the large cross section for inclusive single J/ψ production and the large flux of incoming partons. Inclusive double J/ψ production has been observed by LHCb [8] and CMS [9] , and there are intriguing hints in the data of a double parton scattering (DPS) contribution: in the LHCb case the measured J/ψJ/ψ invariant mass distribution may be somewhat broader than expected from the single parton scattering (SPS) gg → J/ψJ/ψ process, while CMS observe an excess at higher rapidity difference ∆y between the J/ψ mesons, where DPS contributions are expected to be important. The possibility of a contribution to this signal from the decay of exotic particles such as tetra-charm-quarks has also been discussed in [10] , while the conventional η b is also expected to decay to two J/ψ mesons.
More recently exclusive double J/ψ and J/ψψ(2S) production has been observed by LHCb [11] , by selecting events with no additional activity in the LHCb acceptance, which is sensitive to charged particles in the pseudorapidity ranges −3.5 < η < −1.5 and 1.5 < η < 5.0, and applying a data-driven correction to subtract the contribution of events where additional particles due to e.g. proton dissociation, lie outside this acceptance. This process is of great theoretical interest as a test of the underlying perturbative formalism and its various non-trivial ingredients, and moreover as we will demonstrate in this paper, the probability for the charmonia to be produced exclusively in independent scatters is very small; thus the direct gg → J/ψJ/ψ production channel is dominantly probed. In addition, such exclusive reactions do not receive colour-octet contributions, for which additional radiation will be present, and they are in principle sensitive to additional particles which might be produced in decay chains that involve exotic particles.
In this paper we present the first calculation of exclusive double J/ψ and ψ(2S) production in hadronic collisions. We will see that the predicted cross sections are in reasonable agreement with the LHCb measurements, within theoretical and experimental uncertainties, while the shape of the measured J/ψJ/ψ invariant mass distribution is well described, with no hint of the discrepancy discussed above, which may be present in the inclusive case. While this lends some support to the perturbative CEP framework, we will also comment on the possibilities for better testing the theory by for example considering ratios of various observables. In addition, we will present a detailed analysis of the contributing gg → J/ψJ/ψ helicity amplitudes, which may be of more general interest, in particular in the inclusive channel. The outline of this paper is as follows. In Section 2 we briefly describe the 'Durham' perturbative model for the CEP process. In Section 3 we present results for the gg → J/ψJ/ψ helicity amplitudes, considering their explicit analytic form (within the non-relativistic approximation and to leading order in α s ) in the threshold and high subprocess energy limits, and the implications for the exclusive production channel. In Section 4 we consider the double photoproduction and 'symmetric' production mechanism, where two separate but kinematically correlated gg → cc scatters occur, and show that these contributions are expected to be very small. In Section 5 we present numerical predictions for exclusive double J/ψ production at the LHC, as well as giving estimates for ψ(2S)J/ψ and double ψ(2S) production, and discussing the possibilities for double χ c and η c production. Finally in Section 6 we conclude.
Here a and b are colour indices, M X is the central object mass, V ab µν is the gg → X vertex, q i ⊥ are the transverse momenta of the incoming gluons, and t i is the squared momentum transfer to the outgoing protons. The f g 's in (2) are the skewed unintegrated gluon densities of the proton. These correspond to the distribution of gluons in transverse momentum Q ⊥ , which are evolved in energy up to the hard scale µ F , such that they are accompanied by no additional radiation, as is essential for exclusive production. It can be shown that, in the kinematic regime relevant to CEP, the f g 's can be written as
where H g is the generalised gluon PDF [18] , which for CEP kinematics can be related to the conventional PDFs [17, 19] . The T g in (4) is a Sudakov factor, which corresponds to the probability of no extra parton emission from each fusing gluon. In addition to the perturbative amplitude (2), we must also include the probability that extra particles are not produced in additional soft proton-proton interactions (or 'rescatterings'), largely independent of the hard process, i.e. as a result of underlying event activity. This probability is encoded in the so-called 'eikonal survival factor', S 2 eik [20] [21] [22] [23] . While the survival factor is a soft quantity which cannot be calculated using pQCD, it may be extracted from hadronic data [24, 25] . Although there is some uncertainty in the precise level of suppression (in particular in its dependence on the c.m.s. energy √ s), it is found to be a sizeable effect, reducing the CEP cross section by about two orders of magnitude. An additional, 'enhanced' survival factor [22, 23, 26, 27] , which corresponds to a suppression caused by the rescatterings of the protons with the intermediate partons, should also in general be included, although it is expected to be a much less significant effect. To calculate the cross section for exclusive double J/ψ production, we can decompose (3) in terms of on-shell helicity amplitudes, neglecting small off-shell corrections of order ∼ q 2 ⊥ /M 2 X . Omitting colour indices for simplicity, this gives
where the J P z indicate the parity and spin projection on the gg axis, and T λ 1 λ 2 are the corresponding g(λ 1 )g(λ 2 ) → X helicity amplitudes, see [1, 15] for more details. In the forward proton limit the only non-vanishing term after the Q ⊥ integration (2) is the first one: this is the origin of the selection rule [28] [29] [30] which operates in this exclusive process, and strongly favours J P z = 0 + quantum numbers for the centrally produced state. More generally, away from the exact forward limit the non-J P z = 0 + terms in (5) do not give completely vanishing contributions to the Q ⊥ integral and we find that
Figure 2: Typical Feynman diagram contributing to gg → J/ψJ/ψ process.
which is typically of order ∼ 1/50 − 1/100, depending on such factors as the central object mass, cms energy √ s and choice of PDF set [1, 15] .
3 The gg → J/ψJ/ψ subprocess To calculate the cross section for exclusive double J/ψ production, we need expressions for the gg → J/ψJ/ψ helicity amplitudes, which can then be used in (5) to arrive at a result for the CEP cross section. A typical diagram for this process is shown in Fig. 2 ; altogether there are 31 separate Feynman diagrams to consider. Explicit expressions for the gg → V V helicity amplitudes, for the production of massless vector mesons (i.e. relevant for the case that M X ≫ M ψ ) are given in [31] , and this calculation could readily be extended to the case of a non-zero quark mass, in the non-relativistic limit. However, an explicit expression for the tensor M µνρσ ab that is contracted with the incoming gluon and outgoing J/ψ polarization vectors is given in [3] , for the case of the non-relativistic colour-singlet model and to LO in α s . This is precisely the object needed in the case of CEP, and we will make use of this result throughout this paper.
High energy limit
Although the tensor M µνρσ ab in [3] is in general quite a complicated object, in the high-energy (M X ≫ M V ) limit this should reduce to the relatively simple expressions given in [31] for the production of massless vector meson pairs 1 . In this case the calculation was performed in the 'hard exclusive' formalism of [32, 33] , for which the quark, anti-quark caries some general momentum fraction x, (1 − x) of the parent meson, respectively: as we are considering the non-relativistic approximation, we simply assume x = 1/2. In addition, to account for the different normalizations of the spin projections, we must make the replacement
where f M is the meson decay constant, defined in [31] , and R 0 (0) is the J/ψ wave function at the origin. Making these replacements we therefore expect the helicity amplitudes
where √ŝ = M X is the invariant mass of the J/ψ pair, λ 1,2 are the helicities of the incoming gluons and λ 3,4 are the helicities of the outgoing J/ψ mesons, while a, b are the gluon colour indices 3 . Here (8) simply results from helicity conservation along the massless quark lines, while (9) follows from the well-known fact that a tree-level amplitude for the scattering of massless particles must have at least 2 particles of both + and − helicity (with all particle momenta defined as incoming) to be non-zero [35] . For the case that exactly two particles have the same helicity the amplitudes are 'maximally helicity violating' (MHV), and in such a situation very simple expressions for these can be written down [35] [36] [37] . It is precisely this simplicity that explains why the expressions (10) and (11) are so concise; recalling that these expressions result from the contribution of 31 separate Feynman diagrams [31] , this would not in general be expected. 2 We note that all of the explicit expressions presented in this paper and in [31, 34] correspond to taking the azimuthal angle φ = 0 for the outgoing particle momenta. Taking a non-zero value can introduce an overall φ-dependent phase for some helicity configurations, which while having no effect in spin-summed the normal inclusive case, must be included in (5) to give the correct result for the exclusive cross section. 3 We can see from these expressions that the non-zero gg → J/ψJ/ψ amplitudes scale as ∼ 1/ŝ in the high energy limit, with similar results holding for longitudinal polarizations, and so we might naively expect a ∼ 1/ŝ 3 scaling in the subprocess cross section. However, in fact some of the amplitudes contain terms which while strictly vanishing in the M ψ → 0 limit, have near singularities as | cos θ| → 1 that are regulated by the non-zero J/ψ mass. This actually results in a ∼ 1/ŝ 2 scaling in the high energy limit, as was found in [10] , when the cross section is integrated over all cos θ. However, as soon as any cut is placed to remove the | cos θ| → 1 forward phase space region, the expected ∼ 1/ŝ 3 scaling is restored, and the expressions (8)- (14) can be used: as such a cut will always be placed experimentally, it is this scaling that is phenomenologically relevant, in both the exclusive and inclusive cases.
Considering now the case of longitudinal polarizations, we expect
Here (13) again simply follows from helicity conservation along the massless quark line. The expression (14) has the remarkable feature, first observed in [31] for the case of ππ production, that it vanishes for a particular value of cos 2 θ (corresponding to θ ≈ ±48
• ). This vanishing of a Born amplitude for the radiation of massless gauge bosons, for a certain configuration of the final state particles, is a known effect, usually labeled a 'radiation zero', see for instance [38, 39] . While this effect, which is present in all theories with massless gauge bosons, is expected to occur in QCD, it is usually neutralised along with colour by the averaging of hadronisation. Double J/ψ production therefore presents an interesting possibility to observe such a QCD radiation zero, although an experimentally challenging one, in particular as it is not easy to select dominantly longitudinally polarized J/ψ mesons. We note that this possibility is not limited to the purely exclusive mode: as the amplitudes (14) are the only non-zero ones, such a radiation zero should also be present at high enougĥ s inclusively, for longitudinal J/ψ polarizations, although in this case there may be colour octet (as well as higher-order) contributions to consider, which would not be expected to exhibit such zeros.
We have confirmed by taking the result in [3] and making the relevant replacements discussed above that this does indeed reduce to these simple results in theŝ/M 2 ψ → ∞ limit. Thus, in the high-energy limit only a small number of the possible helicity amplitudes contribute, with remarkably simple forms. Moreover, as we can see that the amplitudes with J z = 0 incoming gluons all vanish, we will expect in this asymptotic region a strong suppression in the CEP of J/ψJ/ψ mesons, due to the selection rule discussed above, which disfavours non-J P z = 0 + quantum numbers of the centrally produced state, see (6) . Away from this exact high-energy limit mass corrections will enter and the resulting amplitudes will not be so simple, with the J z = 0 amplitudes in general being non-vanishing, although we can nevertheless expect these corrections to be small sufficiently far away from threshold. However in the lower mass region we should not expect to trust these simple expressions: in the following section, we therefore consider the opposite, threshold, limit and show again that quite simple expressions can be written down for the corresponding amplitudes.
Threshold limit
In the threshold (s ≈ 4M 2 ψ ) limit, we find that the gg → J/ψJ/ψ amplitudes also take very simple forms: these are given for general polarizations in Appendix A. Taking some representative amplitudes, we have
with similar results holding for other polarizations. We therefore find that for example
for 90
• scattering; for all other non-zero amplitudes with J z = 0 incoming gluons a similar or stronger suppression is seen. We therefore find a strong numerical suppression in the amplitudes for which the gluons are in a J z = 0 configuration, and therefore, due to the selection rule discussed above, the J/ψJ/ψ CEP cross section will receive some additional dynamical suppression at threshold, as well as in the high-energy limit, where the J z = 0 amplitudes vanish entirely. Such a suppression in the J z = 0 amplitudes appears to be due entirely to the specific internal structure of the J/ψ state, and is not seen in for example the equivalent γγ → W + W − amplitudes [40] , in the threshold region. We note that the vanishing of the Born amplitude T +++− (15) is in fact found to hold in general 4 , that is for arbitraryŝ. While for massless particles this amplitude must vanish at LO from MHV considerations [35] [36] [37] , it is not superficially obvious that this should be the case here, where the final-state particles have a mass. However, remarkably, this result is also found to hold in the case of the γγ → W + W − [40] , γγ →and gg →Born amplitudes (with arbitrary quark masses, see e.g. [41] 5 ). In for example [41, 42] it was discussed how this vanishing could be shown to follow in the γγ →case from CPT invariance, photon Bose statistics and unitarity (the latter condition results in the invariance of the amplitude under time reversal, which only holds for the Born amplitude): we expect a similar argument to hold here.
Finally, in Fig. 3 we show the angular distribution of the squared matrix elements for representative values of M X (= 12, 20 GeV). The dip structure in + − 00 helicity amplitude, due to the radiation zero discussed above, is evident, although for the experimentally most realistic values of M X it is not too pronounced (we note however, as discussed above, that this dip survives in the case of inclusive production): the position of the dip approaches the value expected from (14) as M X increases. It is also interesting to see that the + − +− and + − −+ amplitudes also exhibit zeros, at values of cos θ which are slightly displaced from the cos θ = 0 that is expected in the high-energy limit, see (10, 11) . The dominance of the amplitudes with |J z | = 2 incoming gluons (divided by 4 in the figure for display purposes), expected from the discussion in the preceding sections, is also clear.
'Symmetric' production process
As discussed in the introduction, in the case of inclusive double J/ψ pair production it is found that the contribution from DPS, where two J/ψ meson are produced in independent scatters, may be quite large at the LHC, and may contribute to the observed LHCb [8] and CMS [9] data. However, in the exclusive case single J/ψ production cannot proceed via the type of digram show in Fig. 1 , due to the odd-C parity of the meson. Rather, the lowestorder process proceeds via photoproduction, where the J/ψ couples to a two-gluon t-channel exchange with one proton, and a photon exchange with the other. To give an estimate of the cross section for this process we can assume the usual factorization
see [43] for a general review. Here the factor of '2' is due to the identity of the finalstate J/ψ mesons, σ ψ SPS is the single J/ψ photoproduction cross section and σ eff contains information about the relative spatial distribution of the partons within the protons: the larger the average transverse distance between the partons, the larger σ eff and the smaller the DPS cross section. For inclusive processes σ eff is of order the proton radius squared ∼ 1 fm 2 . However, in the case of photoproduction, due to the peripheral nature of this electromagnetic interaction, the average distance between partons in the colliding protons, and hence the corresponding σ eff parameter, is much larger. To see this we note that the distribution in the squared momentum transfer in the photon-proton reaction is strongly peaked towards the kinematic minimum t min , which is given by (see e.g. [44] )
Considering production at LHCb, we can neglect the −Y X solution, which has a much smaller cross section (and in any case will have an even larger corresponding σ eff ), and take Y X ∼ 3 as a representative value, to give a transverse separation of order ∼ 1/ √ −t min ∼ 25 fm, and so σ eff ∼ 625 fm 2 , two to three orders of magnitude bigger than the inclusive value. Taking as an estimate the measured LHCb single J/ψ cross photoproduction section [45] , we have σ ψ SPS ∼ 5 nb and so we from (19) we expect that σ
As we will see later, the expected cross section for the gg → J/ψJ/ψ SPS process is O(pb) or more, and so this DPS contribution can clearly be neglected. On the face of it then, we do not need to worry about DPS in the exclusive channel. However this is not quite the case: as well as the standard 'skewed' CEP diagram of the type shown in Fig. 1 , where only one of the t-channel gluon exchanges takes part in the hard J/ψ pair production process, we must also in principle consider the 'symmetric' diagram in Fig. 4 . Such an interaction does not violate C-parity conservation, as the c and c quarks which form the outgoing J/ψ mesons are produced in separate gg → cc subprocesses. Although it cannot truly be considered as DPS, due to the fact that these collisions are not in fact independent, this is nonetheless a correction to the simple 'SPS' framework that we must consider.
This 'symmetric' type of diagram was first discussed in the context of light meson pair (ππ, ηη...) CEP in [31, 46] , where this contribution was found to be small, even for the case of flavour-non-singlet ππ production, where the 'skewed' cross section is already dynamically suppressed. It was in particular found that the 'symmetric' cross section is power-suppressed, with an additional hard gluon propagator in general required to produce the meson pair finalstate. However, this argument rested crucially on the fact that, within the approach of [31, 46] , which made use of the 'hard exclusive' formalism [47, 48] to model the meson pair production subprocess, the momentum fraction x of the quarks within the parent meson are integrated over and can in general take any value from 0 to 1, see [31] for a detailed discussion. For the specific case of x = 1/2, which applies in the non-relativistic limit we consider here, this argument breaks down and a priori we will expect no such suppression for the case of the 'symmetric' diagram 6 ; we must therefore calculate this 'symmetric' contribution explicitly. The symmetric CEP amplitude can be written in the form
where the notation follows from Fig. 4 : the x i are the momentum fractions carried by the gluons, while the scales Q i are defined as in (2), with
in the forward proton limit. The subprocess amplitude is given by
where V ,Ṽ are the standard gg →vertices (with the tilde indicating whichpair in Fig. 4 is considered), but with the appropriate spin and colour projections performed on the outgoing quark/anti-quarks for J/ψ pair production. The f g 's in (22) are the same generalized PDFs discussed in Section 2, but in the 'time-like' domain, where the gluon momentum fractions have the same sign, see [31] for further discussion. In this region, the f g 's cannot be extracted from DIS data, and the best we can do is to put an upper limit on the skewed PDFs by making use of the Schwarz inequality [49] . This leads us to take
where in the last line we have made use of the kinematic constraint on the gluon momentum fractions x 1,2 =x 1,2 , and the factorization scale µ F is the same as in (4). We can see that there is no longer a square root on the Sudakov factor T g , as both t-channel gluon exchanges take part in the interaction, but at a lower scale µ F /2, as each gluon pair that produces thehas half the invariant mass of the J/ψJ/ψ pair. Numerically, it is found that these PDFs lead to a factor of ∼ 2 − 3 suppression relative to (4) in the relevant kinematic region. Although slightly different in form, we still find that (24) gives a gluon transverse momentum Q 2 ⊥ of order a few GeV 2 , safely in the perturbative regime. Making use of (24) and (22) we can then readily calculate the predicted symmetric cross section. However, without performing the calculation explicitly, we in fact expect this symmetric contribution to be suppressed from general considerations. To see this, we can expand (23) as in (5) in terms of the g(λ 1 )g(λ 2 ) →helicity amplitudes, T λ 1 λ 2 ,T λ 1 λ 2 , as above with the appropriate spin and colour projections performed on the outgoing quark/anti-quarks. In the forward proton limit, we find that only a subset of the helicity amplitudes contribute, with
All other combinations (e.g. T ++T+− ...) are found to vanish in this forward limit (in some cases only after the Q ⊥ angular integration). Thus, while there is no individual requirement that the fusing gluons in the gg →subprocess must be in a J P z = 0 + state, we can see from (25) that the four gluon system (and hence the centrally produced J/ψ pair) is still required to have these quantum numbers: either the fusing gluon pairs must be individually in a J z = 0 state, or with opposite J z = ±2. Upon inspection we can also see that (25) is symmetric under a parity transformation. The requirement that the centrally produced object must have J z = 0 quantum numbers in the forward limit can be derived purely from helicity conservation, independent of the details of the production process, see [1] , and so it is not surprising that we find this. As in the case of the standard 'skewed' CEP mechanism, the parity constraint is on the other hand a model-dependent prediction of this perturbative approach.
If we now consider the threshold limit, then the gg →amplitude for |J z | = 2 gluons will vanish due to conservation of angular momentum, and we are left with the even parity combinations of J z = 0 amplitudes in (25) . We have
At threshold (β = 0), the g(±)g(±) →helicity amplitudes are therefore proportional to ±1 and so the even parity combination in (25) will completely cancel. This is to be expected: as thesystem has parity (−1) L+1 , where L is the orbital angular momentum, at threshold we have L = 0 and the system is therefore in a P = −1 state. Thus we arrive at the result that the J/ψ pair production process, via this symmetric mechanism, will completely vanish at threshold. More precisely, the decomposition (25) is only valid up to to O(Q 2 ⊥ /M 2 X ) corrections due to the off-shellness of the fusing gluons, and these will not in general vanish at threshold. Nonetheless, as these are small corrections (although not completely negligible in the lower mass region 7 ) we will still expect a strong suppression in the symmetric cross section in the threshold region. Finally, in the high-energy limit the J z = 0 contributions to (25) will vanish (recalling that the gg →amplitudes for massless quarks and J z = 0 gluons vanish), and only the individual J z = ±2 terms remains. It can be confirmed analytically that the symmetric cross section is numerically suppressed in this regime, relative to the skewed cross section, although for brevity we do not show this explicitly here. Finally, making use of (22) we can give an estimated upper limit on the symmetric contribution to the double J/ψ CEP cross section. Considering the 2 < Y X < 4.5 rapidity region relevant to the LHCb measurement discussed in the following section, and integrating from threshold we find, after an explicit calculation, that
with the precise ratio depending on the PDF choice and c.m.s. energy √ s. We emphasise that this is an upper limit on the symmetric contribution, due to the fact that (24) corresponds to a maximum value of the generalized PDF, which may be smaller than this. Thus we can see that this 'symmetric' mechanism is expected to give a very small contribution to the cross section, confirming the qualitative discussion above; in the following section, we will therefore safely consider just the pure 'skewed' CEP cross section.
Results
As discussed in the introduction, LHCb have recently reported the observation of exclusive J/ψJ/ψ and J/ψψ(2S) production [11] at √ s = 7 and 8 TeV. After correcting for a proton dissociative background, this corresponds to a cross section of
with σ(J/ψψ(2S)) σ(J/ψJ/ψ) = 1.1
where in both cases the cross sections correspond to the rapidity regions 2 < Y X < 4.5, and the latter results assumes the same elastic fraction for both processes. This constitutes the only measurement of exclusive double charmonia production, and there are encouraging possibilities in the future for higher statistics measurements to be made [50] . We therefore concentrate in this paper on this kinematic region, although we will also show results for production at central rapidities. We take the pure non-relativistic limit throughout with via the q i⊥ dependent PDFs (4), due to the vanishing of the symmetric cross section at threshold in the onshell limit (25), the full cross section in this region will be strongly sensitive to precisely how such off-shell corrections are included and consequently to higher-order effects. Any calculation according to (22) can therefore only be taken as an estimate, although even taking such an estimate in the lower mass region, a strong suppression relative the symmetric contribution is clear. 
ψ,⊥ , as in [3, 10] and the LO expression for α s (µ R ), which is used in [10] , where a good agreement with the inclusive J/ψJ/ψ data is found, see also the discussion below. We fix the value of the J/ψ wave function at the origin to its leptonic width [51] , with
We note that often somewhat larger values (∼ 0.9 GeV 3 ) for this parameter are taken in the literature, see for example [3, 4] , however such a higher value is typically a result of fits to inclusive charmonia data that include relativistic as well as higher-order in α s corrections to the calculations, see [52] . We take the lower value (30), which is extracted without including such corrections, as these are not included in our calculation, and we would therefore argue this is the more consistent choice to take. In [53] , it was moreover shown that relativistic and higher-order corrections are numerically small and partly cancel each other in the case of J/ψ photoproduction, if such a normalization is taken. This choice is also supported by the fact that in for example [10] , such a value was taken, and good agreement with the LHCb inclusive double J/ψ data [8] was found, within experimental and theoretical uncertainties, when similar LO PDFs to those we take here are used 8 . Moreover, in the analysis [44] of exclusive J/ψ photoproduction, a good description of the available data is found with this choice of |R 0 (0)| 2 . However, if the higher value of |R 0 (0)| 2 is used, the resultant double J/ψ cross section, which depends on this parameter squared, is a factor of ∼ 3 larger. While, as discussed above, we do not find that this is a suitable choice for the calculation we are considering, this is nevertheless an indication of the fairly large theoretical uncertainty that arises due to the value of |R 0 (0)| 2 and to the related issue of the importance of (processdependent) relativistic corrections.
There is in general quite a large uncertainty in the predictions for CEP due to the choice of PDF and model of the soft survival factor, and so here we will use the CDF measurement of exclusive γγ production [54] at √ s = 1.96 TeV as guidance, for which a sample of 43 dominantly exclusive γγ events were measured, with E γ ⊥ > 2.5 GeV and |η γ | < 1, corresponding 8 In [4] good agreement with the LHCb data is also found, using the much higher value as in [52] , however here NLO PDFs are used, which are smaller in the low x and Q 2 region relevant to this process, and this choice largely cancels the effect of the increased |R 0 (0)| Table 2 : Cross section, in pb, for the J/ψJ/ψ CEP at √ s = 8 and 14 TeV, using different models of the soft survival factor taken from [24] , and with different PDF choices. The J/ψ pair is required to lie in the the forward rapidity region 2 < Y X < 4.5. Table 3 : Cross section, in pb, for the J/ψJ/ψ CEP at √ s = 8 and 14 TeV, using different models of the soft survival factor taken from [24] , and with different PDF choices. The J/ψ pair is required to lie in the the central rapidity region −2.5 < Y X < 2.5.
MSTW08LO CTEQ6L
to a cross section of σ γγ = 2.48
−0.51 (syst) pb . Up-to-date predictions for this event selection are shown in Table 1 , and we can see that for a range of representative LO PDFs and soft survival models there is good agreement with the CDF measurement 9 , with the MSTW08LO [55] (models 1 and 4), CTEQ6L (LO α s ) [56] (models 2 and 3) and GJR08LO (fixed flavour) [57] (models 1 and 4) lying in the preferred 2-3 pb range. Given this agreement, we can use these choices to improve the reliability of our predictions for double J/ψ production at the LHC. However, we note that the CDF measurement (for which the photons are produced centrally, with |η γ | < 1) corresponds to a quite different x region, with x ∼ M γγ / √ s ∼ 3 × 10 −3 , to that probed at the LHC for double Jpsi production: in the forward region relevant to the LHCb measurement, at the higher LHC energies, this spans a large range of x, from ∼ 10 −5 -10 −1 (recall that the uncertainty in the gluon PDF at low x and Q 2 is in particular quite large). In addition, we are performing such a comparison purely at LO, whereas in general we might expect (process-dependent) higher-order corrections to affect the results of such a comparison, and there is also an important uncertainty in size of the survival factors, in particular in the energy dependence in going from Tevatron to LHC energies. Thus this comparison with the CDF data can only be considered as a guideline.
In Table 2 we show predictions for the LHCb acceptance (2 < Y X < 4.5) at √ s = 8 and 14 TeV 10 , using the PDF sets and model choices described above. These predictions are calculated using a full MC simulation of the CEP process, including the J/ψ → µ + µ − decay with spin correlations, and will be released as part of a publicly available SuperCHIC 2 MC in the near future [58] . The results in Tables 2 and 3 are presented with the rapidity cut placed on the double J/ψ system and not the decay products, to be consistent with the LHCb Run-I result 11 . We can see that the MSTW08LO and GJR08LO PDFs give a factor of ∼ 2 -3 larger cross sections than the CTEQ6L set, despite the agreement between sets found in Table 1 for γγ CEP at √ s = 1.96 TeV, which is precisely due to the different x values probed in the current case, and the different forms of the PDFs in these regions: the CTEQ6L PDFs in particular give a cross section that falls off more sharply at higher rapidity. This is seen in Fig. 5 , where the rapidity distribution of the central system is shown for the choices of PDF discussed above (it is worth pointing out that the shape of the rapidity distribution is sensitive not only to the input PDF but also the skewedness which is included as in [17, 19] ). The range of predictions in Table 2 therefore gives some estimate of the uncertainty in our predictions due the choice of PDF and model of soft survival factor, although as discussed above, due to the different x values probed and higher c.m.s. energy this can only be taken as a guide. We must also consider the possibility of higher-order corrections: varying the renormalization scale µ R of α s in the subprocess matrix element between m ⊥ /2 and 2m ⊥ gives a large variation of order ∼ × ÷ 2 − 3, due to the high power of α s in the calculation (this uncertainty is not limited to the exclusive case: a similar level of variation is seen in the inclusive process, when the factorization and renormalization scales are allowed to vary independently [7] ), and is even larger if the factorization scale is varied independently as well. This is clearly a significant source of uncertainty, although we can take as guidance the fact that the default choice of µ F = µ R = m ⊥ gives a good description of the existing data in the inclusive case [10] . Finally, we note that relativistic corrections have not been included in our calculation. It is worth recalling, as discussed in Section 3.2 that the gg → J/ψJ/ψ amplitudes with J z = 0 incoming gluons are numerically suppressed near threshold relative to the amplitudes with |J z | = 2 incoming gluons, while they vanish entirely in the high M X limit: this leads the predicted CEP cross section to be correspondingly reduced beyond naive estimations. If relativistic corrections counteract this suppression at all, the predicted CEP cross section could also be larger.
Given this discussion above, we can see from Table 2 that there is reasonable agreement with the LHCb measurement (28) , within the fairly large theoretical and experimental 10 The LHCb measurements in fact correspond to data taken at both √ s = 7 and 8 TeV: we show predictions for the latter energy for simplicity, but note that there is only a small difference between the predictions at these two energies.
11 In [11] the quoted cross section for 2 < Y X < 4.5 results from a correction to the data which assumes a particular rapidity and mass distribution of the double J/ψ system X and that the J/ψ → µ + µ − decay occurs isotropically. Although in the high subprocess energy limit, we expect the J/ψ mesons to be dominantly transversely polarized, see e.g. Fig. 3 , we find that for the total cross section integrated from threshold, the J/ψ mesons can in fact to reasonable approximation be treated as unpolarized. TeV and for different choices of PDF. For display purposes, the first bins are normalized to the MSTW08LO result.
uncertainties, and with the higher predictions from the MSTW08LO and GJR08LO PDF predictions being favoured. Moreover, we show in Fig. 6 a comparison of the LHCb measurement [11] of the J/ψJ/ψ invariant mass distribution with our prediction, made using MSTW08LO PDFs and normalized to the data. We can see that the shape of the distribution is very well described, within experimental uncertainties (we recall that in the case of inclusive double J/ψ production, there are indications of some discrepancy between the predicted mass distributions and the data [8] ). As described above, the theoretical curves are calculated using a full MC simulation of the double J/ψ → µ + µ − CEP process, including spin correlations in the J/ψ decay, with the final-state muons required to have 2 < η µ < 4.5. To give some estimate of the theoretical uncertainty on this distribution, we also show predictions corresponding to varying the renormalization and factorization scales by a factor of 2 up and down, and we can see that the shape of the distribution is relatively insensitive to this (there is some variation in the shape due to the PDF choice, although this is also small). Thus the theoretical uncertainty on the shape of this distribution, which is driven by the form of the contributing matrix elements, as well as factors specific to the exclusive channel, such as the M X dependent Sudakov factor in (4), is much smaller than that in the total cross section normalization. Clearly a higher statistics measurement of exclusive double J/ψ production, which would allow a closer comparison between theory and data, both in the absolute cross section normalization and invariant mass (and other) distributions, is desirable. We can see from Table 2 that the predicted cross sections for √ s = 14 TeV are a factor of ∼ 2 larger, while in Table 3 we show predictions for central rapidities at both √ s = 8 and 14 TeV, and can see that the predicted cross sections can be larger still.
It is clear from the discussion above that there are some important uncertainties in the absolute cross section predictions for J/ψJ/ψ CEP. One possibility to reduce these is to consider ratios of observables: in Table 4 we show the ratio of the double J/ψ to the γγ and φφ [11] of J/ψJ/ψ invariant mass distribution with theory prediction, calculated as described in the text. In all cases the result is normalized to the data.
CEP cross sections (the latter calculated using the formalism described in [31] , with a choice of distribution amplitude described in Appendix B), within the same invariant mass regions, with the photon and φ transverse momentum required to have p ⊥ > 2.5 GeV in order to ensure perturbatively reliable cross sections. These ratios are almost independent of the model of soft survival and PDF used, and consequently have much smaller theoretical uncertainties than for the absolute cross sections considered above. We emphasise that the double J/ψ CEP cross section is suppressed beyond naive estimations due the numerical suppression in the gg → J/ψJ/ψ amplitudes, while in the γγ case there is no such suppression, and the predicted φφ cross section, which is also found to be dynamically suppressed, results from the non-trivial calculation described in [31] . A measurement of these ratios would therefore represent a non-trivial test of the underlying theory. Table 4 : Ratio of J/ψJ/ψ to γγ and φφ CEP cross section at √ s = 8 TeV. The central system is required to lie in the the rapidity region 2 < Y X < 4.5, and the photons and φ, π mesons are required to have transverse momentum p ⊥ > 2.5 GeV. Results are also shown for a lower cut on the central system invariant mass M X > 5 GeV, in the case of γγ, φφ and
It is also of interest to consider the ratios of double ψ(2S) and J/ψψ(2S) CEP to double J/ψ CEP, in particular in light of the LHCb measurement (29) discussed above. While a complete calculation in the ψ(2S) must involve a proper treatment of relativistic effects, to give an estimate we normalize to the ψ(2S) leptonic width to get
and, as in [10] , we simply take m c = (M ψ + M ψ ′ )/4 in the J/ψψ(2S) case and m c = M ψ ′ /2 in the double ψ(2S) case. Using this, we find that
for the LHCb acceptance at √ s = 8 TeV, integrating from threshold. This ratio is largely independent of the rapidity region considered as well as the PDF choice and model of soft survival factor. We can see that the predicted J/ψψ(2S) ratio is in reasonable agreement with the measured ratio (29) , within the large experimental uncertainties, although perhaps somewhat lower. Clearly with further higher statistics data (noting that the systematic uncertainties in the measured ratio largely cancel [11] ) a better comparison can be made, including potentially the double ψ(2S) case, which has not been seen so far by LHCb. It is also interesting to consider the possibility for observing the exclusive pair production of C-even χ cJ states. These were also searched for but not seen by LHCb [11] , via the χ c → J/ψγ decay chain, with limits set on the cross sections in the χ c1 and χ c2 cases of the same order as the observed double J/ψ cross section (in the χ c0 case the limit was much higher due to the lower branching to J/ψγ). This is not surprising: due to the much lower formation probability in the χ c case the predicted CEP cross section is expected to be significantly lower. Using the standard expressions for the J/ψ → ggg and χ c0 → gg decay widths we have |R
where R ′ 1 (0) is the derivative of the P -wave wave function at the origin, and we have divided by m 2 c as the P -wave formation amplitude is proportional to R ′ 1 (0)/m c . We also have assumed in the last step that these gluonic widths of the χ c and J/ψ mesons are given by the measured total widths [51] . As the ratio of the double χ c to double J/ψ cross sections is proportional to the square of (33), we therefore expect a roughly 2 orders of magnitude suppression in the double χ c CEP cross section. However, we recall that the double J/ψ CEP cross section is numerically suppressed, due to the structure of the gg → J/ψJ/ψ helicity amplitudes and the J z = 0 selection rule which operates in CEP: in the case of double χ c production this may not be the case, and as these C-even states can couple individually to two gluons, the 'ladder' type of diagrams discussed in [31, 59] can contribute, and these may not be suppressed in this way. This may therefore compensate some of the effect of the smaller χ c formation probability. Finally, we note that the formation amplitude of the pseudoscalar η c meson is proportional to the same value of the wave function at the origin R 0 (0) as in the J/ψ case, and may also be produced by this additional type of 'ladder' diagram: we may therefore expect the cross section for exclusive η c η c production to be of the same size or even bigger than the J/ψJ/ψ cross section.
Conclusion
In this paper we have presented the first calculation of the exclusive production of charmonia (J/ψ, ψ(2S)) pairs in hadronic collisions. Such a process is of great interest as a probe of the underlying formalism in the exclusive calculation, and is sensitive to the direct (e.g. gg → J/ψJ/ψ) channel, with contributions from double parton scattering events expected to be extremely small. By carefully considering the form of the gg → J/ψJ/ψ helicity amplitudes, we have shown that we expect the CEP cross section for double J/ψ to be suppressed below naive expectations, due to the dynamical J P z = 0 + selection rule which operates. We have then seen that the non-trivial predictions 'Durham' pQCD-based model of CEP are in reasonable agreement with the recent LHCb measurement of exclusive double J/ψ production [11] , within theoretical and experimental uncertainties. Moreover, the measured invariant mass distribution is found to be well described by the theory, with no hint of the discrepancy which may be present in the inclusive case [8] .
While these results are encouraging, it is clear that higher statistics data on charmonia production from future LHC runs will be able to place a much tighter constraint on the theoretical predictions, as well as being more sensitive to possible exotic (tetraquark...) contributions. We have also discussed how measurements of ratios of observables can help reduce the theoretical uncertainties, and considered predictions for the higher energy LHC runs. The exclusive production of charmonia pairs opens up a rich field of studies: for example the possible importance of relativistic corrections has yet to be fully addressed, and the χ cJ and η c charmonia states represent other potential observables not considered in detail here. The results discussed in this paper and the encouraging agreement with the first LHCb measurement of exclusive charmonia pair production provide strong motivation for such theoretical work and for further measurements in the future.
B φ meson distribution amplitude
In general, within the 'hard exclusive' formalism the meson distribution amplitudes can be expanded in terms of the Gegenbauer polynomials C n [60, 61] (see also [59] for more discussion)
where µ F is the factorization scale, taken as usual to be of the order of the hard scale of the process being considered, and f M is the meson decay constant: although for the case of the vector φ meson, this is in general a polarization dependent object, here we take a universal f φ = 230 MeV, as in [48] . The evolution of the distribution amplitude is dictated by the µ 2 F dependence of the coefficients a n , which evolve to 0 at asymptotically high energies. The higher-order n = 4, 6,... terms evolve faster towards zero with increasing n, and combined with the fact that as n increases, the additional powers of C 3/2 n (2x−1) give a smaller numerical contribution to the distribution amplitude, this means that any fit can effectively truncate the series (38) after a limited number of terms. For the case of the transversely polarized φ meson we truncate at n = 4 and use the fit of [48] , which extracts the expectation values
where ξ = 2x − 1, from QCD sum rules. This gives a 2 = −1/3 and a 4 = 11/80. In the case of the longitudinal polarizations, the φ distribution amplitude is found to be approximately asymptotic [48] , i.e. with a n = 0 for n ≥ 2.
